§1. CONNECTION BETWEEN TOPOLOGY OF FIBERS AND GEOMETRY OF CRITICAL VALUES
Although all the results below remain valid, with minor modifications, for any compact manifold, we shall consider only mappings defined on a closed ball Br" of radius r in R". In this case all the constants involved can be given explicitly.
We say that the mapping f: B7 ~ R ~ is q-smooth, where q = p + ~, p __> I an integer, 0 < ___ 1, iffis p times continuously differentiable on BT, and the pth derivative d "fsatisfies on B," the H61der condition:
with some constant L. Proof. Below K~ denote constants depending only on n, m, p. We also omit sometimes the index fin the notations of A(f), Mi(f ) and Ri(f).
Denote by B an open ball of radius p(~), centered at the given regular value ~ e R m -A (f). All the points ~' e B are regular values both off and of the restrictionf/S~ -1. Hence f: N ~ B, where N =f-1 (B), is a trivial fibration, and, in particular, we can find a retraction n: N ~ Y~, 1z/Y= Id.
We shall construct a semialgebraic set S c N, containing Y~, such that the Betti numbers of S satisfy inequalities of theorem 1.1. The existence of a retraction n: S ~ Y~ then shows that the Betti numbers of Y~ do not exceed those of S. It remains to estimate the Betti numbers of S. Each Sp is defined by polynomial inequalities, whose number depends only on n, and whose degrees do not exceed 2p.
The same is true for any nonempty intersection of Sp (which occurs only if the corresponding cubes I~ intersect). Hence for each i = 0 ..... n -m, b~ (Sa~ c~ . . . n S/Q ~ B'i, where the constants B' depend only on n, m and p (Some explicit estimates of B' can be found by the methods of [6] , [7] , [8] or [10] ).
Using the Mayer-Vietoris sequence, we obtain immediately that b~(S)< B;
These computations are valid for p(~)<__Rq<=4K2R ~, since in this case r >= (p(~)/4K2M~) ~/~, and we take t$ equal to the last number. But for p(~) > R~ we can restrict our consideration to the ball of radius R~ at ~. Theorem 1.1 is proved.
Easy examples show that the bound of theorem 1.1 is sharp, up to constants.
§2. EXISTENCE OF FIBERS WITH SIMPLE TOPOLOGY
In this section we combine the result of theorem 1.1 with the information on the geometry of critical values off, obtained in [11] .
For a q-smooth f:
where V= is the volume of the unit ball in R m, and A = A (n, m, p), depending only on n, m, p, is twice the maximum of the constants A~ (n, m, p), i --0 ..... m, defined in theorem 1.1, [11] .
Denote n -m + 1 by s. Below we assume that the smoothness q off is greater than s, and hence, by the Sard theorem, almost all values off are regular.
THEOREM 2.1. Let f: B", ~ R m be a q-smooth mapping, q > s. Then in any set G ~ R m with m(G) > 0 there is a reoular value ~ off, such that for
i = 0 ..... n-m, Bi, = m(G) >_ RTq (f) bi(Y~) <--[ B,(Rt~(f)/m(G))'/'q-'), re(G) < Rl~(f),
where m(G) denotes the Lebesgue measure of G.
Proof, Let G c R m with re(G) = r/> 0 be given. According to theorem 1.1, it is sufficient to find a point ~ e G, which is "far away" from A(f).
We shall use theorem 1.1, [11] , which gives an upper bound for the e entropy of A(f) (see [2] ), or, which is the same, for the minimal number M(e, A(f)) of balls of a given radius e > 0, covering A(f). The following form of this bound, which can be deduced easily from the original general one, is appropriate for our case: For any e < Rq (f),
Now let e > 0, e < Rq, be fixed. Cover A by M(e,A) balls of radius e, and let fl, be the union of open balls of radius 2e, centered at the same points, f~, contains an e neighborhood of A, and hence for any ~ E/~=\ f~,, d(~,A) ~ e and by theorem 1.1, bi(Y~) < Bi(R,/e) "/q.
Denote by Ci (t) the set of points ~ s R m, for which bi(Y~) > t. We obtain C i (B i (Rq/e) ~/~) fl,, for e < R~, or Ci(t) c t~to, where e(t) = Rq(Bdt) q/", t > B i. By (2) for the measure of ~, we have:
Substituting here the value of e(t) as above, we obtain the following:
V. R T, m(Cl (t) ) < ( R~q (Bi/t) ~q-s,/,, O<=t <B i, t>=B i
The first inequality here means simply, that b~( I 0 > 0 only for ~ ef(B;), andf(B'~) clearly is contained in a ball of radius R~. Now ifm(Ci (t)) < r/= re(G), then G contains some points ~ ¢ Ci (t), i.e. with b~ (Y¢) < t. It remains to note that by propoposition 2.2, m(Ci (t)) < r/is satisfied for t = B~, if r/> R~'q, and for any t > Bi(R'~/rl) ~/~-~, for r/< R'i'q. Theorem 2.1 is proved.
Notice that the use of the e-entropy of critical values instead of the Lebesgue or the Hausdorff measure, and, respectively, the use of the stronger theorem 1.1 [11] instead of the Sard theorem, is the crucial point here: no bounds on the measure of A(f) allow to find points "far away" from this set.
The fiber Y~ in theorem 2.1 can be empty, for instance, if all the points of B, ~ are critical for fi Now we consider situations where nonempty fibers with simple topological structure can be found. 
B~, m(G) >= 4Ag~(f) bi (Yc) <-_ [ B, (4ARq (f)/m(G) )nl~-~," m(G) <__ 4Agq (f)
In particular, for a = min f, b = max f, there is c, a < c < b, such that This corollary can be interpreted as the appearance ofa "near-polynomiality" effect: iffis sufficiently close to a polynomial, in the sense that R~ (f) is sufficiently small with respect to max f-rain f, then the Betti numbers of at least one nonempty fiber off satisfy exactly the same kind of inequalities as the Betti numbers of the polynomial fibers.
It is interesting to compare this fact with the result of [12] , which indicates another appearance of the same effect: if for a q-smooth f, max f-minf = 2 q + 1 R~ (f), then any fiber Y~ of fis similar to the fibers of a polynomial of degree p in the following sense: Y~ is contained in a countable union of compact smooth hypersurfaces in R n, "many" straight lines cross Y~ in at most p points, and the n -1 volume v(Y~) is bounded by Kr n-1, where K depends only on n and p. However, easy examples show that the Betti numbers of some fibers off can be infinite. The inequality of theorem 2.1 is rather precise. In example 1, §6, VI, [2] , for any n and q > n the function f: B~ -+ R is built with the following properties: Hence the degree of 1~re(G) in the bounds for bl cannot be smaller than n/q. Our value n/q -s is "asymptotically" sharp, for q -+ ~. Theorem 2.1 implies also the following fact: if there is at least one point x e B~", where the rank of df(x) is maximal (equal to m), then the Betti numbers of some nonempty fibers off can be effectively bounded. As usual in our "quantitative" approach, we must not simply assume the nondegeneracy of the differential of f, but measure the degree of this nondegeneracy.
For a linear mapping L: R" ~ R m, let oJ(L) be the minimal semiaxis of the ellipsoid L(B~) R m. For a smooth f: B," --¢ R = define y(f) as r max o~(df(x) ). We also denote by R t 2~ (f) the 
Proof Fix some x • B," with to = to(df(x)) maximal. Now let P be some m-dimensional plane through x, for which co(df(x)/P) = ta.
Easy estimates, repeating the proof of the inverse function theorem, show that the ball of radius ta/3M 2 in P (or the part of this ball, containing in B,') is mapped byfdiffeomorphically, and its image contains the ball of radius to2
. Substituting this value in the inequality of corollary 2.3, we obtain the required result.
Studying in more detail the structure of f in the case when rank df < m everywhere, one can prove the existence of a nonempty fiber of f with Betti numbers bounded by constants depending only on Rq (f) and the geometry of the image f(B,'), for any sufficiently smooth mapping f: B," ~ R =, with no assumptions of nondegeneracy. This proof requires considerations somewhat different from the ones used in this paper, and it. will appear separately.
§3. AVERAGE COMPLEXITY OF THE FIBERS
In this section we give the bounds for the integrals of bi(Y~), when ~ runs over R ~. 
Proof By the Fubini theorem, Sk.b~ (Y~)d~ = So m(C, (tl/U))dt, and by proposition 2.2, the last integral is bounded by 
VmRr(f)+ R~(f)q-nu-s
In particular, q (n, m, u) < un + s = (u + 1) n -m + 1. Examples of [2] show, that q(n,m,u)> un, so our bound for q(n,m,u) is sharp asymptotically, for u ~ oo. §4. VOLUME
OF THE FIBERS
In this section, using the results of §3, we study the distribution of the volume of regular fibers off. Here it is convenient first to obtain average bounds, and then to deduce the existence of fibers with "small" volume.
Let for ~ a regular value off: B7 --, R% v(Y~) denote the n -m-dimensional volume of the compact n-m-dimensional submanifold Y¢ in R". where t~' = .
and by the Fubini theorem
Now since L c~ B~ is the ball of radius __< r in L ~ R m and since all the derivatives of the restriction f/L do not exceed those off, we have by corollary 3. Theorem 4.1 is proved. The question ofintegrability of v(Y~)~was also studied for a long time: for n = 2, m = 1 it was settled in [4] , and in a general case in [5] . However, our estimate of maximal u, for which the integral ~a.[v(Y~)]Vd~ converges, namely, t) = q -l/m, is very close to the best possible, u ~_ q/m, and is approximately twice better than the Merkov's one [5] : u < q/2m + 1.
Using the inequality of theorem 4.1, we can obtain the existence of regular fibers with the "small" volume: The results of this section include the situations where the smoothness q of the mapping f is smaller than s = n -m + 1. In these cases all the values off may be critical and, respectively, all the fibers Y~ off may not be the regular n -m-dimensional manifolds. Here we understand v(Y~) as the n -m-dimensional Hausdorff measure.
§5. SOME INEQUALITIES BETWEEN THE DERIVATIVES OF f
In this section we show that all the constants in the inequalities above can be expressed in terms of the only two parameters of the mapping f: B," --, R m: the remainder term Rq (f) and the diameter Ro(f) of the image f(B, ~) c R m. (**) Combining (.) and (**), we obtain the required inequalities. 
